Basil Gordon, in the sixties, and George Andrews, in the seventies, generalized the Rogers-Ramanujan identities to higher moduli. These identities arise in many areas of mathematics and mathematical physics. One of these areas is representation theory of the infinite dimensional Lie algebra, where various known interpretations of these identities have led to interesting applications. Motivated by their connections with Lie algebra representation theory, we give a new interpretation of the product side of generalized Rogers-Ramanujan identities in terms of multi-color partitions.
Introduction
The celebrated Rogers-Ramanujan identities and their generalizations (see [G] , [A1] ) have influenced current research in many areas of mathematics and physics (see [A2] ). These identities can be expressed as:
n =0,±2 ( mod 5) (1 − q n ) −1 = n≥0 q n 2 (1 − q)(1 − q 2 ) . . . (1 − q n ) .
and n =0,±1( mod 5)
(1 − q n ) −1 = n≥0 q n 2 +n (1 − q)(1 − q 2 ) . .
Identities (1) and (2) have a natural combinatorial interpretation in terms of partitions, which was generalized by Gordon ([G] , [A1] , Theorem 7.5). A partition of a non-negative integer n is a finite, non-increasing sequence of non-negative integers, called parts, whose sum is n.
Theorem 1 [Gordon] For M = 2k + 1 and 0 < r ≤ k, the number of partitions of n of the form (π 1 , π 2 , . . . , π l ), where π j − π j+k−1 ≥ 2 and at most r − 1 of the parts are 1 is equal to the number of partitions of n into parts not congruent to 0, r, or −r modulo M .
Setting r = 2 and M = 5 in Theorem 1 gives (1) and r = 1, M = 5 gives (2).
About twenty years ago it was observed that these identities play an important role in the representation theory of affine Lie algebras [LM] . In particular, the principal character of certain integrable highest weight representations V of the affine Lie algebrasĝ differ from the Rogers-Ramanujan products by a simple factor. This simple factor is the character of the negative part of the principal Heisenberg Lie subalgebraâ of the affine Lie algebrâ g. It turns out that one can use the classical Rogers-Ramanujan identities to give explicit constructions of integrable representations (for example see [BM] , [M2] , [Ma] , [X] ). On the other hand, the affine Lie algebra representation theory can be used to give Lie theoretic proofs of the Rogers-Ramanujan identities (for example see [LW1, LW2] , [M1], [MP] ). One widely used approach to construct these representations is via the Lepowsky-Wilson Zoperators (see [LW2] ). The Z-operators are certain endomorphisms of V centralizing the action of the principal Heisenberg subalgebraâ. These operators are parametrized by the set of roots of the associated simple Lie algebra g. However, on V many of these Z-operators are scalar multiples of each other. For example, let us consider the affine Lie algebraĝ = sl(5) and its integrable highest weight representation V (λ), with highest weight Λ 0 + Λ 2 . In this case the principal character is
where F = n≥1,n =0 mod 5 (1 − q n ) −1 . In this case there are two independent families of Z-operators:
for β = β 1 and β 1 + β 2 , where {β 1 , β 2 , β 3 , β 4 } are the simple roots of sl(5) corresponding to the principal Cartan subalgebra a (see [M3] ). In [M3] V (Λ 0 +Λ 2 ) has been constructed using only one set of Z-operaters Z(β 1 , ζ) and Gordon's generalization of the Rogers-Ramanujan identities with r = 3 and M = 7:
where a(n) denotes the number of partitions of n such that the outer two of any three consecutive parts differ by at least 2 and at most two parts are 1. However, from the representation theory point of view it would be more natural to construct the representation using both families of operators Z(β 1 , ζ) and Z(β 1 + β 2 , ζ). This essentially corresponds to another expansion of the left-hand side of (3), namely
where we let (a) n = n−1 (4) is a special case of Andrews' analytic generalization of the Rogers-Ramanujan identities ([A1], Theorem 7.8):
where
This motivated us to seek a multi-parameter interpretation (corresponding to the parameters n 1 , n 2 , . . . n k−1 in (5)) of the generalized Roger-Ramanujan identities suggested by the Z-operator construction. We provide a combinatorial description of the product side of the generalized Rogers-Ramanujan identities in terms of multi-color partitions, defined below.
is a partition of n and c α is a function which assigns to each i ∈ {1, 2, . . . , l} one of the colors {1, 2, . . . , t}. We say that c α (i) is the color of the i-th part of α.
For example, (8 2 , 8 3 , 5 1 , 4 1 , 4 2 , 4 3 , 3 2 , 2 1 ) is a 3-color partition of 38, where the subscript of a part denotes its color. In this paper we prove the following.
Theorem 2 For integers r, M , and k satisfying 0 ≤ r < M/2 and k = ⌊M/2⌋, the number of partitions of n with no part congruent to 0, r or −r modulo M is equal to the number of k − 1-color partitions (α, c α ) of n satisfying the following three conditions. Let α = (α 1 , α 2 , . . . , α l ).
(ii) (Color Difference Conditions) For 1 ≤ i < l,
For example, when r = 1 and M = 7, k = 3 and Theorem 2 says that the number of partitions of n with no part congruent to 0, 1, or −1 modulo 7 is equal to the number of 2-color partitions of n in which (i) parts of color 1 have size greater than 1 and parts of color 2 have size greater than 3 and (ii) consecutive parts differ by at least 2 if they have the same color and by at least 3 if they have different colors. For n = 10, this is the set {(10 1 ), (10 2 ), (8 1 , 2 1 ), (8 2 , 2 1 ), (7 1 , 3 1 ), (7 2 , 3 1 ), (6 1 , 4 1 ), (6 2 , 4 2 )} This result suggests several interesting problems. Our motivating problem is to make use of the multi-color partition interpretation to construct natural integrable representations of affine Lie algebras. However, another intriguing problem is to establish a direct correspondence between the multi-color partitions and the summation sides of the Rogers-Ramanujan identities. We hope to answer some of these questions in future work.
Multi-color partitions
In this section, we give a proof of Theorem 2. Our main tool will be a combinatorial generalization of the Rogers-Ramanujan identities, due to George Andrews, which involves the successive ranks of a partition.
A partition π = (π 1 , π 2 , . . . , π l ) can be visualized by its Ferrers diagram, an array of dots, where π i is the number of left justified dots in the ith row. The largest square subarray of dots in this diagram is the Durfee square and the Durfee square size, denoted by d(π), is the length of a side. Flipping the diagram along its main diagonal, one obtains the dual diagram, associated with its dual partition π ′ = (π ′ 1 , π ′ 2 , . . . , π ′ π 1 ), where π ′ i is the number of indices j with π j ≥ i. The sequence of successive ranks of π is the sequence
. Let π be a partition of n with successive ranks r 1 , r 2 , . . . , r d . For 1 Figure 1 : The Ferrers diagram of π = (7, 5, 5, 5, 4, 4, 2) with successive ranks 0, −2, −1, −1, and the four angles indicated, illustrating that α(π) = (13, 9, 6, 4).
i.e., α i is the number of dots on the i-th "angle" of π. Let α(π) be the partition: (α 1 , α 2 , . . . , α d ). Note that α is a partition of n and that
(See Figure 1. ) Note 2. The number of partitions of n with all successive ranks in [1, 2] is equal to the number of type 1 partitions of n in which every part is larger than 1. The map π → α(π) is again a bijection.
We can now state Andrews' generalization of the Rogers-Ramanujan identities. The theorem below was established by Andrews for odd moduli M [A3] and was generalized to even moduli by Bressoud [B3] . To see that Theorem 3 generalizes the Rogers-Ramanujan identities, note that when r = 2 and M = 5, the theorem says that the number of partitions of n with all ranks in [0, 1] is equal to the number of partitions of n using no part congruent to 0, 2 or 3 modulo 5. By Note 1 and Theorem 1, this is the first Rogers-Ramanujan identity (1). When r = 1, M = 5, the Andrews-Bressoud theorem says that the number of partitions of n with all ranks in [1, 2] is equal to the number of partitions of n using no part congruent to 0, 1 or 4 modulo 5. By Note 2 and Theorem 1, this is the second Rogers-Ramanujan identity (2).
We now show that the partitions defined by Andrews' rank conditions are equivalent to certain classes of multi-color partitions.
Theorem 4 For integers r, M , and k satisfying 0 ≤ r ≤ M/2 and k = ⌊M/2⌋, the number of partitions of n with all ranks in the interval [−r + 2, M − r − 2] is equal to the number of k − 1-color partitions (α, c α ) of n satisfying the following three conditions. Let α = (α 1 , α 2 , . . . , α l ).
(iii) (Parity Condition on Last Color when M is Even) For 1 ≤ i ≤ l, if M is even and c α (i) = k − 1, the last color, then
Proof. Let π be a partition of n with ranks r 1 , r 2 , . . . r d(π) , and assume that all ranks lie in the interval [−r + 2, M − r − 2]. For 1 ≤ i ≤ d, let α i = π i + π i+1 − 2i + 1, as before, and let α(π) be the partition of n defined by α 1 , α 2 , . . . , α d .
Color the parts of α as follows:
We show that the k − 1-color partition (α, c α ) satisfies conditions (i)-(iii) of the theorem.
Condition(i). If c α (i) = j then r i ∈ {−r + 2j, −r + 2j + 1} and so by Lemma 1,
Otherwise, if r i ≥ r i+1 , then
and if r i ≤ r i+1 , 
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See Figure 2 for an example of the bijection when M = 7, r = 1, and n = 10. Figure 3 shows the bijection when M = 8, r = 3, and n = 10.
Combining Theorems 3 and 4 proves our Theorem 2. Figure 2 : Example of the bijection of Theorem 4 when M = 7, r = 1, and n = 10.
Partition π rank vector the 3-color partition of 10 with all of π (α(π), c α(π) ) of 10 ranks in [−1, 3] 
